ABSTRACT. In this paper we prove certain Hurwitz equivalence properties in the braid group. Our main result is that every two factorizations of ∆ 2 n where the elements of the factorization are semi-frame are Hurwitz equivalent. The results of this paper are generalization of the results in [8] .
Topological Background
In this section we recall some basic definitions and statements from [5] : Let D be a closed disk on R 2 , K ⊂ D finite set, u ∈ ∂D. Any diffeomorphism of D which fixes K and is the identity on ∂D acts naturally on Π 1 = Π 1 (D − K, u). We say that two such diffeomorphisms of D (which fix K and equal identity on ∂D) are equivalent if they define the same automorphism on Π 1 (D − K, u). This equivalence relation is compatible with composition of diffeomorphism and thus the equivalence classes form a group.
Let D, K be as above, n = #K, and let B be the group of all diffeomorphisms β of D such that β(K) = K, β| ∂D = Id ∂D . For β 1 , β 2 ∈ B we say that β 1 is equivalent to β 2 if β 1 and β 2 define the same automorphism of Π 1 (D − K, u). 
This gives rise to the definition of B n : Let D and K be defined as above. Let a, b ∈ K, K a,b = K\{a, b} and σ be a simple path (without a self intersection) in D\∂D connecting a with b such that σ K = {a, b}. Choose a small regular neighborhood U of σ such that K a,b U = φ, and an orientation preserving diffeomorphism ψ :
, Im(z) = 0} and ψ(U) = {z ∈ C 1 ||z| < 2}. Let α(r), r ≥ 0, be a real smooth monotone function such that α(r) = 1 for r ∈ [0, 3/2] and α(r) = 0 for r ≥ 2. Define a diffeomorphism h :
. It is clear that the restriction of h to {z ∈ C 1 ||z| ≤ 3/2} coincides with the 180
• positive rotation, and that the restriction to {z ∈ C 1 ||z| ≥ 2} is the identity map. The diffeomorphism ψ −1 • h • ψ induces a braid called half-twist and denoted by H(σ) Lemma 1.6. Let H(σ 1 ) and H(σ 2 ) be the half twists defined by the paths σ 1 and σ 2 respectively. Then
Proof: III.1.0 of [4] .
.., p n } and σ 1 , ..., σ n−1 be a system of simple smooth paths in D − ∂D such that σ i connects p i with p i+1 and L = σ i is a simple smooth path. The ordered system of half-twists {H(σ 1 ), ..., H(σ n−1 )} is called a frame of
and the following is a complete list of relations:
Proof can be found for example in [5] . This theorem provides us with Artin's algebraic definition of the braid group.
Recently, new presentation of B n , called the band generators presentation has been introduced by Birman-Ko-Lee [2] . The new presentation is based on Aritin's presentation. We give here the definition of the presentation slightly different by constructing the generators on a frame structure.
Definition 1.9. Band Generators Presentation
Let {H 1 , ..., H n−1 } be a frame. The band generators corresponding to the frame {H 1 , ..., H n−1 } are defined by the ( n 2 ) generators:
and the presentation's relations are: a t,s a s,r = a t,r a t,s = a s,r a t,r for all t, s, r with 1 ≤ r < s < t ≤ n (1)
The band generators contain the frame elements since H t = a t+1,t . An example of band generators corresponding to the trivial frame can be seen in Figure 1 . The paths in Figure 1 were computed using Lemma 1.6.
. . .
. . We say that the system of half-twists
, is a semi-frame, if there exist a corresponding system of simple paths
satisfy the following conditions:
• For each σ i , σ i is a simple path in D − ∂D connecting two points in K and |σ i K| = 2.
• There exist n arcs {γ j } n j=1 , such that, γ j is a simple path in (D − ∂D) {u} connecting u ∈ D with p j ∈ K and γ j 0 γ j 1 = {u} ∀j 0 =  1 .
• Each γ j is intersecting a group, a factorization F of g ∈ G, is a list of factors f 1 , f 2 , . .., f n (f i ∈ G) such that the product f 1 f 2 ...f n is equal to g. We use the notation f 1 ·f 2 · · · f n for the factorization f 1 , f 2 , ..., f n and f 1 f 2 ...f n for the product. 
Definition 2.3. Hurwitz move on factorization
Let G be a group and t ∈ G. Let t = t 1 · · · t m = s 1 · · · s m be two factorized expressions of t. We say that s 1 · · · s m is obtained from t 1 · · · t m by the Hurwitz move R k if (s
Hurwitz Equivalence of Factorizations with Generators as Elements
The property proved in the following theorem is called the embedding property of a presentation, it was first proved by Garside in [1] for the Artin presentation and recently was proved by Birman-Ko-Lee in [2] for the band generators presentation. Proof: [1] , [2] .
In the following Lemma we show that the relations (1) and (2) 
. . a jp,lp and W r+1 is obtained from W r by a single application of one of the relations in 1.9. As we proved in Lemma 3.2, each application of relation can be 'imitated' by a single Hurwitz move on the factorization. Thus, W 0
is a frame.
We apply 3.3 on ∆ 2 n : Corollary 3.5. Let {a t,s } 1 ≤ s < t ≤ n−1 be a set of band generators corresponding to a frame
is also a frame. Proof: [8] .
n are Hurwitz equivalent.
Proof: [8] .
The Main Result
In this section we proof the main theorem:
where
and
are semi-frames are Hurwitz equivalent.
where all a ir,kr and a jr,lr band generators, are Hurwitz equivalent.
Proof: Since, {a t,s } are the band generators corresponding to the frame {a t,t+1 } n−1 t=1 . By Lemma 3.6, {a t,t+1 [γ]} n−1 t=1 is also a frame and {a t,s [γ]} are the corresponding band generators. Therefore, by Corollary 3.5:
n and (a 2,1 [δ] · · · a n,n−1 [δ]) n are both Hurwitz equivalent to (a 2,1 · · · a n,n−1 ) n and therefore, equivalent to each other. From this and from relations (3) and (4) we get that:
Lemma 4.2 requires that the elements of the factorization are subset of the band generators corresponding to some frame. Since, conjugating γ to a half twist is the same as operating γ as a diffeomorphism on the path of the half twist (Lemma 1.6), we are restricted to diffeomorphisms of subgraphs of the band generators in Figure 1 . The following Lemma completes the proof of the main theorem.
Lemma 4.3. A graph of generators is conjugated to a subgraph of the band generators graph if and only if there exist n arcs which intersect with each other only at a point outside the graph, and intersect with the graph only at the vertices.
Proof: In the first direction, observe the graph of the band generators corresponding to the trivial frame. As shown in Figure 2 the graph can be connected by n disjointed arcs to an external point. Conjugating the generators in Figure 2 to a braid is the same as conjugating to a list of generators. By Lemma 1.6 each conjugation is a diffeomorphism on the disk and therefore, we get that conjugating the braid to the generators is the same as operating diffeomorphism on the graph. Operating the same diffeomorphism on the arcs, we get n disjointed arcs intersected with the graph only at the vertices. The second direction of the Lemma was proved in [3] . If we consider factorizations where the elements of the factorization are not semi-frame, we will loose the embedding property, since it was proved in [3] that the Artin presentation and the band generators presentation are the only presentations with the embedding property. The vertices can be connected by n disjointed arcs to an external point.
